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Abstract A viable methodology for the exact analytical solution of the multiparticle
Schrodinger and Dirac equations has long been considered a holy grail of theoreti-
cal chemistry. Since a benchmark work by Torres-Vega and Frederick in the 1990s,
the QPSR (Quantum Phase Space Representation) has been explored as an alternate
method for solving various physical systems. Recently, the present author has devel-
oped an exact analytical symbolic solution scheme for broad classes of differential
equations utilizing the HOA (Heaviside Operational Ansatz). An application of the
scheme to chemical systems was initially presented in Journal of Mathematical Chem-
istry (Toward chemical applications of Heaviside Operational Ansatz: exact solution
of radial Schrodinger equation for nonrelativistic N-particle system with pairwise
1/r(I) radial potential in quantum phase space. Journal of Mathematical Chemistry,
2009; 45(1):129-140). It is believed that the coupling of HOA with QPSR repre-
sents not only a fundamental breakthrough in theoretical physical chemistry, but it is
promising as a basis for exact solution algorithms that would have tremendous impact
on the capabilities of computational chemistry/physics. The novel methods allow the
exact determination of the momentum [and configuration] space wavefunction from
the QPSR wavefunction by way of a Fourier transform. In this note some remarks,
examples and further directions, concerning HOA as a tool to solve and provide ana-
Iytical insight into solutions of dynamical systems occurring in, but not limited to
Mathematical Chemistry, are also posited.
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1 Introduction

A viable methodology for the exact analytical solution of the multiparticle Schrodinger
and Dirac equations has long been considered a holy grail of theoretical chemis-
try. Since a benchmark work by Torres-Vega and Frederick [1] in the 1990s, the
QPSR has been explored as an alternate method for solving various physical sys-
tems, including the harmonic oscillator [2], Morse oscillator [3], one-dimensional
hydrogen atom [4], and classical Liouville dynamics under the Wigner function [5].
QPSR approaches are particularly challenging because of the complexity of phase
space wave functions and the fact that the number of coordinates doubles in the phase
space representation. These challenges have heretofore prevented the exact solution
of the multiparticle equation in phase space. Recently, Simpao [6] has developed
an exact analytical symbolic solution scheme for broad classes of differential equa-
tions utilizing the HOA. It is proposed to apply this novel methodology to QPSR
problems to obtain exact solutions for real chemical systems and their dynamics.
In his preliminary work, Simpao [6] has already applied this method to a number
of simple systems, including the harmonic oscillator, with solutions in agreement to
those obtained by Li [2-5]. He has also demonstrated the exact solution to the radial
Schrodinger equation for an N-particle system with pairwise Coulomb interaction
[7]. In addition to the Schrodinger equation, the HOA method is capable of treat-
ing the Dirac equation [8] as well as differential systems governing both relativistic
and non-relativistic particle dynamics. Applying these methods would allow us to
pursue further exploration of this methodology, starting with the exact solution of
multielectron atoms and moving toward complex molecules and reaction dynamics.
It is believed that the coupling of HOA with QPSR represents not only a funda-
mental breakthrough in theoretical physical chemistry, but it is promising as a basis
for exact solution algorithms that would have tremendous impact on the capabili-
ties of computational chemistry/physics. As the theoretical foundation for spectros-
copy is the Schrodinger equation, the significance of this discovery to the enhanced
analysis of spectroscopic data is obvious. For example, the analysis of the Comp-
ton line in momentum spectroscopy necessitates the consideration of the momen-
tum wavefunction for the molecular system under study. The novel methods [6-8]
allow the exact determination of the momentum [and configuration] space wave-
function from the QPSR wavefunction by way of a Fourier transform. For example,
the primary focus of [7] is the pairwise 1/rij interaction in context of the radial
equation in the nonrelativistic Schrodinger case. This application of the exact solu-
tion ansatz developed above corresponds to the problem of n-particles with pair-
wise Coulomb interaction; scaling the parameters and variables of the problem yields
the exact solution of the QPSR Schrodinger equation for the first-principles general
polyatomic molecular Hamiltonian. Upon a straightforward slight adaptation of this
non-relativistic Schrodinger result, the QPSR Dirac equation addressed in [8] imme-
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diately yields the relativistic counterpart for the first-principles general polyatomic
molecular Hamiltonian solution. These results form the cornerstone of the exact solu-
tion to the quantum dynamics of particular chemical systems, which shall appear
elsewhere. Although all of the examples of dynamical systems mentioned above are
at once solved as a special case of the general integral method already published in
HOA, it is illuminating for applications to write out the solutions as the integrals
are evaluated explicitly for the same. The HOA result is currently being used as
the primary algorithm in the development of computer programs known as ‘solver
engines’ for quantum chemistry/physics and plethora applications: to be reported
elsewhere.

In this note some remarks, examples and further directions, concerning HOA as
a tool to solve and provide analytical insight into solutions of dynamical systems
occurring in, but not limited to Mathematical Chemistry, are posited. Among these
more general considerations are the development of novel exact analytical solutions
of generalised Hamiltonian/Lagrangian dynamical systems in the QPSR and classi-
cal connections; also the exact analytical solutions of attendant differential/difference
equations. Though some new results are presented at the end of the Recap and the Sec-
tion on generalised Hamiltonian—-Lagrangian nexus later in the examples, the detailed
treatment of these and many others shall appear elsewhere. The foundations of the
HOA scheme will be sketched and some examples given in these Remarks, that will
illustrate some of the numerous and sundry analyses that can be enhanced by HOA
methods. For convenience, we begin with a recap of the HOA construction following
from [6].

2 Recap of HOA

Here are the basic relations; x, p, t are respectively the configuration space position,
momentum and time variables. The ~ denotes the operators, with H and ¥ denoting
the Hamiltonian and wavefunction of the phase space representation [1], respectively.
Also, the «, y, are otherwise free parameters as specified in [1].

H(x, p,t) = H(&, p,1) = H(ihd, + ax, —ihd, + yp,1),2a+y =1
X —> X=ihd,+ax,p— p=—ihd+yp,t >t=t

(X1, ..o, X0) = (X1, .., Xp) = ((h0p, +a1x1, ..., 100p, + 0yXy),
saj+y;=1j=1,...,n
(P1s--vspn) = (P, -, Pn) = (—=ih0x; +y1p1, ..., —ihOx, + YuDp)
H(X1, o X0 Loy s 1) = HE1y ooy X0 Pl Pus 1)
= H(@ihop, +o1x1,...,iR0p, + ayx,; —ihoy, +y1p1, ..., —ihox, + Vapni 1)

ey

Now with the following properties of Heaviside operational methods via Laplace
transforms [6]
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L If 1@ = A0 () = / Si(y =) frw)du

=F1(DYF2(DYU () = F1(Dy) f2(y)
where U (y) is the Heaviside Unit Step function

L(y1 ..... yn)a(m,...,z,,)[f(yla o)l
o0
= / /f(y1, o yne” Ty dy, = FR1s . 2n)
yon ™ yor
_1 ~
Ltz @15 2]

:(%) %f(zl’""Zn)ezj=lyjzjdzloudZn:f()’lv-»-yYn)
a)l

Lt 1G22 @ s 2]

=101 _*x LO1-o m)

(V1500 Yn)
Yn
/‘ﬂ/ﬁm =Y LO )y -y
Yon " Yo
=F1@yys o 0,)f2@Byys o 0D U1 )
=F1 @y 0y) 21 ) )

where the zero-subscripted variables (e.g., yo) are the arbitrarily specified lower limits
of integration.
With the phase-space convolution

fl(-xla"' xn;p]a'-'apl‘l) * f2(x1»~--,xn;171a-~-7pn)
X1seeos X3 PLseess Pn)
X1 Pn

/\/_,// /fl(xl_xls"-7 - pl_p/hvpﬂ_p;)

on ™ xo1pon ™ poi

X f2(X]s ey X03 Pls oo vy po)AX] - -dxldp] -+ - dp), (3)
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Lower bounds of respective phase space co-ordinates: (x1q, - .., X405 P10, - - - » Pn0)
Also the transform relation

Leosl@z =)= e £ (2)

n b
. 1 by,
—1 PR Y1 Yn
Lz Orem @21 = b1, n2n = bo)] = H a_je Y (0_17 U a)
j=1
“

From (1) the wave equation becomes

~f(ih0, +aixi,...,ih0, + a,x,;
H P P e nn W(X, e ons X, Plseens PLot
(—thaxl + Y11y oo, —ihdy, + Vapnst (1 n Pl pi: 1)

=1iho W (X1, ..., X0; P1, ..., P15 1) ©)

Applying the convolution identity and multivariable inverse transform of (2), the
phase space convolution of (3) and relation (4) yields

L—l L—] 2 ih?p] +ayxy, wiha;?n + anXn;
((axl 5"'76Xn)) ((apl ,4..,3p,,)) —lha)q +Y1P1s---s _lhaxn + Vnpnit
> (X150 X0) —>(Plseens Pn)
* V(X[ ooy Xn; Pls---s Pnit)
(15 Xn5 p1s - P0)
—f (ihapl +a1x1, ..., iR0p, + apXp;

i : W(X[, ey Xn; Pls---» Pnst 6
_zhaxl+y1p],...,—th8xn+ynpn;,) (x1 ni Pl pnit) (6)

Applying (6)—(5) with the convolution identities in (2) and transforming

A ih0p, +ayxy, ... ihdp, + anxn;:
al " pn W(xg,..., Xn5 Pls-- - i)
(ﬂhax, F VDL -ees =iy + vupnsi ! P b

L (Pl ~~~~~ pn) L (X],e0Xn)
—>(P1seesPnt) > (X seesn) = iR W (X], ..., Xn; Plr---s P15 1)
=L (Pl«--upn)
= (Ploees Pn)
1 1 o ihopy +apxy, ..., ihdp, + anxn;
L L. L , H
((“1:“’)‘”)_ ) (("nwf’m)) (“’m ~~~~~ f’wﬂ) [ (—ihaxl VDL —ihOy + Yapait

= (X100 Xn) —(P1sespn)
* W(X]s s Xns PLs--os Pns )
—_

Af 1hOp, +a1X], ..., ihdp, + anxpy; _
=H or1 pn = WXy, ..., XniPlo s t
(71713)(1 +vipts---s 717!3)-" + Ynpnit 8P!le', @1 Pl Pnit)
wesOpp > Pt
E)XI X1,
<oy Oy > X
=il W(xy,..., Xns Pls--es Pnit)
Afihpr +ox), ..., ihpy + anxn; = _ - _ = -
=H ~ o (kg .., TPl D) =ihoV(xy,..., TP s t
(—ihx1+y1p1 ..... ZiREn + ynpus t (1 X3 P pnit) = ihdp W (x) Xn; P1 pnit)

)
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Hence the wavefunction in phase space may be analytically expressed in exact
ey Xy Ply ey Puit)

quadratures, by inverse transforming the above solution V] (x1,

of (7) as

L IApy + o Xp; < - -
’_lhin+ynpn’t)w(xlvsxn’ pl"-~7pnst)

—ihx1 + y1p1, .-
= iRV (X1, ..., %0 Plo--vs P DV(x, ..
-1

((1?1,-“,)@,) )

> (X150, Xn)

Jot (ihﬁ] + oixg, ..
<> Xn3 Pls -5 Pns 1)

S iRpy + apxy; )du

%i](l)f}(ih.ﬁl-_'_al)q’” n T+
L((lﬁl ..... ) ) ¢ —ihx1 +y1p1y ..y —1hX, 4 Vs u
PPl P)) | WG(XY, . En Pl ey Prs t = 0)
(3)

It is at this point that the analysis of HOA has been developed up to the time of this
writing. A “New Twist” on this was recently [13 MAY 2010] discovered by Simpao:
namely an alternative exact analytical quadrature expression for the quantum phase

space wave function. By observing from (8) that

.....

-1
lIJ('xlv .. '5'x}’l; p15 LR ] pn; t) == L (il’_“’jn)
<—>(xl Xu);)

([31 -ul_’n)
= (P15 Pn)
qj(ilvrinaﬁls’ﬁnyt)
Si o pfiRPIA X i Pt S X
- o - w H(—ihx1+lp1 T
=Wo(X1, ..., Xp; Ply---> Pust =0)e 28 e 28
(8a)
shifted Taylor series yields
e s 1.
S zhp1_+ E)il,...,lhpn—i:jxni i
: —ihXy + 5p1s ..., —ihXy + 5ppsu

e

inp1oy  -ihp,d —ihx10
— P1 %Xl Pn %X”e 1 %1’1 i

(8b)

and Heaviside’s alternative to the convolution developed above yields
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1 1. .

B B ~ B —i t gf 2% 30
ihp1y  eihppdy —ihR10)  e—ihEgd 7 Jo H(l I L

e 7%1 PR 7Pl | e 3 P1s---53 Pns

1 1 1 1
=4 (Exl +ihpl, ..., =X +ihﬁn)8 (Epl —ihxy, ..., Epn —ihin)

2
1 1
—i rt of X5 2Xn3
Tt fo H(lpl lP ‘u)du
* e 7 P15---53 Pns (8c)

Converting from the Laplace transform image variables to their Fourier counterparts

(P1s oy Pn) = ({Pwls -5 iPon)y (X1, ooy Xp) = (iXel, - -+ iXen)
WX, ooy Xns Pl eves P 1) =V (X001, - o EXons EPwls -+ 5 EDans 1)

1 1 1 1

1) (le +ih[3],..., Exn +lhﬁn)8 (5[7] —l.h)z],..., Epn —lh}zn)
1 1 1 1

=4 Exl_hpwlv-u’ixn_hpwn ) §P1+hxw1~~,§]?n+han

1 1 1 1
) (EXI —hpot, ..., =X, _hpa)n)a (zpl +hxpts ..., Epn +hxa)n)

y H(

\S]

Xoeons
Pl

ol Nl

xn;. )du
Pt (8d)

B = 19—

Now the inverse Fourier transform of this is

_ 1 1 1 1
(xal,l,.,_,an) 8 (Exl —hpot, ..., Exn_hpa)n) 8 (5171 + hxot, . 3Pn +han)
> (X100 X0 )
(Pa)l ----- pwn)
= (P, Pn)
) T TIE
(et o
% e 3P15eees 5 Pni
—
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27 h? —
%xl,-w%xrﬁ
%Pl‘.-.,%Pn
n co eo 1 1 1 1
_ ( 1 e% [é H(le—vl\], ,fxn—v5\n,§p1—v%pl, »j[’n_lensu>du
27 h? —
—0Q —0oQ0
dexldv%m d\)%xndl)%m (8e)
Hence
j 1hp1+ X1, lhﬁn“‘%xn; du
[ B O\ —inF 1+ pr.c—ihEn+ 3 poiu
(X150 Xn)
—>(qu Xn):
(P15 ,pn)
—>(P1ses Pn)
1
X1—v yeees A X —V 5
* ®° FhH TRV e TV, du
zpl_‘)%ply szpn *Pn;u
27rh2 = ¢
n
de%x]dv%p]“-d d‘}%pn (8f)

Thus the quantum phase space wavefunction with initial condition for the dynamics
may be expressed in the direct real (x1, ..., x,; p1, ..., pn) generalised coordinates
and momenta.

\Ij(xl’"‘7xn;p17"'1pn;t):\yo(xlv"'sxn;pl""vpn;t=0)

1
) f2x1—v1 ‘..,fx,,—vl ;
n % o0 %féH le 2* ~|du
1 [71 7) ,2[771 1 su
*k —2 e e r’ Pn
— 2rh —
00 N oo

X1yeeesXps
Pl Pn
xdv%mdv%mu-dv%xndv%pn 8g)
It is interesting to note that the canonical choice of ¢« = y = % thusly

I:I(ihap + ’7‘, —ihoy + %, t),> a + y = 1, yields the result above [which shall be
used throughout the present work]; the same physics is described when « # y thusly
H(ihdp +oax, —ihdy +yp,t),52a+y =1

WXt ..oy Xy Plyee s s 1) = Wolxt, .o X Pl oo, Pt =0)
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(vj—aj)xjpj

. o)X —Vayxgs
=1 n .
F =1 oty | s %nXn —Vayxp s
| n ) + o H Y PL—Vyy du
% (_2 . e ces¥nPn—Vyy pp st
— 2mh —
X1yeees Xy —00 n —co
Pls--sPn
XdVax;dVy, py - AV, dVy, p, (8h)
Moreover, if the identification
W(X],eueyXns Plye-vs Pust)
=Wo(X1, .-y Xns Ply - Prs 1 =0) * Weomplimentary (X15 « - - s Xn3 P1s -« -5 Pni 1)
(xl,...,xn;)
P1:esPn
Weomplimentary (X1 - - s Xn3 P1s -« -5 Pni 1)
1 1
SX|I=V]  emnXn—V]
00—71'3[1? 771 21" EAC Y
1 n 2PITVL, e g PV S
= . e 271 dvy dvi dvy dv
27 h2 — 1 2P n 2Pn
—00 N —00
(81)

is made, then upon considering the form of a continuous Wavelet transform [16] as

oo
1 «f2 b .
Xwavelet(a, b) = Ja x(@)Y 2 a dz (&)
—00
and applying this to the n-dimensional phase space integrals yields
\pcomplimemary(xl»-~-axn§]7]~---apn;t)
1 1
FX[=V] ey Xn—V]
sl T,
00 oo h JO 1 1 .
1 n P17V e FPn—Vy
:(7) / /e 771 2Pn dvy dvy ---dvy dvy
27 h? — 241 3Pl 2% 3Pn
—00 n —oo
1 1
5X]—V sy X —V :
_,-,hzl%xl 271 %Xn
TOH lp—v lp —v u du (;1)(1+U1 ) (llxn+v1 )
. 2P 2P Ly — oy 2 34 2 3%
=1 =1
- p1+Vv R +v
( 7 P1 %1’71) ( 7 Pn %Pn
o0
1 «f(z b
Xwavelet (@, b) = — xX@QY*\ = ——)dz
a a a
—00
X1 Xn Pl p
Xwavelet (1§ (7 7'[; oo %))
1 1
AU B B SRR A O IV
oo oo T hA| 2 | 2 du
; FP1L=V1 seeesgPn—V1 il
:/ /le 271 2Pn dvy dvy ---dvy dvy
- ~— - 7.’(] 71}] jxn 2]),1
_ P
\[Jcomplimemary(xl»---,Xn§l’lw--apn;t)
Ly X Xn Pl P
=(ﬁ) Xwavelet (1 (777’17,%)) (81()
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thus the n-dimensional phase space extension (a, b) = (1; (%, %)), x(z) becomes a
constant 1, ¥* the “Mother Wavelet” and t is a free parameter with respect to the

continuous Wavelet transform
Similarly, if the Cepstrum [17] is generalised from the traditional Z-transform

(discrete) case to the continuous case via the Laplace transform

-1
Cepstrum(f (y)) = L=, (Iog(Ly—s(f(¥)))) (8D)
then
Cepstrum (\I’complimentary(xla <o Xny Pls s P t))
— 1! . .
- (B, Xn) Log | L (] 5Xn) (‘l}comp]imcnlary(xl ~~~~~ Xns Plseees Pnat))
(_>(xl aaaaa Xn); (~>(x1 """ x)n);
(P1seesPn) b
S (P ) (Proeeain)
L (X1 seeesXn) (\I’complimentary(xl’ cesXny Ply ooy Pni 1))
= (X150, Xn);
(Plv:-vﬁn)ﬁ
—>(P1s+-Pn)
:‘Ilcomplimentary()zh ces Xy Pl ey Prs 1)
I e 1
L A
- _ - _ —ihX1+ 5 P1yeeer—iRXy+5 ppiu
\chomplimentary(xl’--wxna Pls---sPnst) =e 2P b
] t ix — Vi1 lx —Vi_
—_l A~ % 1 jxlv"-vzl n ixnv du
3 —V . —V )
h 0 2p] %Pl’ ’2pn %pn,u
_—1X1+1)1 _—lx “+ Vi1 X
_ 1//,* 2 X1 )’ ’ 2 0n 2%Xn )
B —1 =1
5 Pl +V%p1 s ( 5 pn‘}‘v%pn

Xwavelet (@, b) = JLE ffooox(z)l//*(fl — g)dz, thus the n-dimensional phase space
extension (a, b) = (1; (’2—‘, %))x (z) becomes a constant 1, y* the “Mother Wavelet”
and t is a free parameter with respect to the continuous Wavelet transform
Cepsn'um(lpcomplimentary(xl veesXni Ply vy Prs 1))
n oo ! 1 1 .
LY T a2 fa(in et Y,
N 2 — n Ipi—v e App—v1 u
2nh E T ) 7 P1 I » 3 Pn Lpn?
de%xld‘}%p] .- -dv%xndv%pn

Also, the Shannon entropy S, which connects Information Theory to Quantum
Theory via the density
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__ / (*(x, p, W (x, p. 1)) Log(W* (x, p, OW(x, p. )dxdp  (8m)
(x,p)

These are some future vistas for later work elsewhere.

For now, by definition, solution in one representation implies simultaneous solution
in all representations. Along these lines, an interesting consequence arises: By equa-
tions (4.18) and (4.19) of [1], it is shown that the Fourier projection onto configuration
x space of the phase space wavefunction, yields the configuration space wavefunction
in the standard Schrodinger configuration space representation. Symbolically

Hconﬁguration space (x, —ihdy, 1) \yconﬁguration space (x,t) =iho, \chonﬁguration space (x, 1)
ixp

e 2h
‘I’conﬁgurationspace(x’ 1) = / —=V(x, p,t)dp
Varh
—00

Hconﬁguration space(xlv oy Xp, —iR0y, ..., —ih0y,, t)‘pconﬁguration space(xls ceos Xny 1)
= iho, q’conﬁguration space (X1, ...y Xn,s 1)
lchonﬁguration space (xl e Xp,y 1)
o0 ixypg UvnPrl
- pr ....d ©)
= 2 —V(X1,..., X0 Pls ..., Py 1)dp1...dpy
Aamh \/471
—00

In other words, the configuration space wavefunction may be expressed in terms
of exact quadratures containing the phase space wavefunction determined herein, Eq.
(8). Hence, Quantum Dynamics is now reduced to exact quadratures, as are all the
associated purely mathematical problems that are abstracted from the physical for-
malism.

To wit, via HOA the configuration space solution becomes

lI‘conﬁguration space (X1, ..., X, 1)
00 ixjp) 00 ixppn
e 2h e 2nh 1
faxh /47 h ((m ..... XnsPlseees Pn) )
—00 —00 = (X1 5eens XnsPlse-es Pn)
” X1 e Xn,
71 [0 Lonﬁguranon space —zh()\] —ihxy u ) (X, x> ((hpy+ay X il pptan xp) d
e (—ihBX] ,,,,, —ihdxy, ) (=ihXy+y) p1se..,—ihXn+yn pn) u
X W0 configuration space (X1, - - - » Xni Pls---s pnit =0)
Xdpi---dpn (10)

With that said, a relatively simplistic prescription results for actually using the HOA
to solve the problem,

Given the function ﬁ()?l, ooy Xns D1y -+ Pn» t) [respectively I:I(xl, e X —I
hdy,, ..., —ihdy,, )] replace (X1, ..., Xn; P1, ..., Pn,t) [respectively (xi, ..., xp;
—ihoy,, ..., —ihody,, )] with (ihpy + o1x1, ..., ihpy + apxy; —ihX1 + y1p1, - -,

—ih%y + 1P, 1) in Eq. (10)
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The result of course is the quantum phase space [respectively configuration
space] wavefunction for the quantum dynamics wave equation. Just a comment
on the o and y parameters in the above formulae. From the HOA [1], they
are otherwise arbitrary except for the condition o« + y = 1. This is explained
therein as a consequence of the arbitrary phase shift associated with the quan-
tum phase space wavefunction. Further, any choice of the parameters thus con-
strained yields a Hamiltonian, which is dynamically equivalent [describes the
same physics] as any other choice. However, it is shown therein that the Ham-
iltonian operator I:I(ihap +ax, —ihdy +yp,t),a + y = 1 takes on the sym-
metric canonical form when ¢« = y = % thusly ﬁ(ihap + %, —ihoy + g, ),
o + y = 1. Notwithstanding this and with an eye towards computational simpli-
fications for particular classes of applications, it has been found that other choices
than ¢« = y = % sometime facilitates evaluation of the integral transforms.
Unless otherwise directed, the convention for « and y shall be specified for par-
ticular cases, presently and elsewhere. For the problems herein the ¢ = y = %
sufficeth.

To recall the full details of HOA results, see the original work [EJTP 1 (2004),

10-16]. As pointed out therein,

Notwithstanding its quantum mechanical origins, the HOA scheme takes on a
life of its own and transcends the limits of quantum applications to address a wide
variety of purely formal mathematical problems as well. Among other things,
the result provides a formula for obtaining an exact solution to a wide variety of
variable-coefficient integro-differential equations. Since the functional depen-
dence of the Hamiltonian operator as considered is in general arbitrary upon its
arguments (i.e., independent variables, derivative operator symbols [including
negative powers thereof, thus the possible integral character]), then its multivar-
iable extension can be interpreted as the most general variable coefficient partial
differential operator. Moreover, it is not confined to being a scalar or even vector
operator, but may be generally construed an arbitrary rank matrix operator. In all
cases of course, its rank dictates the matrix rank of the wavefunction solution.

In the present case of the Schrodinger equation, we shall be dealing with a scalar
Hamiltonian structure and the solution wavefunction will be of a scalar character.
(elsewhere, e.g. [9], the relativistic treatment demands the Dirac equation with such
a 4 x 4 matrix Hamiltonian structure and the solution wavefunction will then be of a
4-dimensional column vector character).

3 Some selected HOA example calculations
3.1 Example 1. 1-Dim simple harmonic oscillator
Having completed this brief recap of the HOA from [6], now consider the first exam-

ple case of the 1-dim SHO (Simple Harmonic Oscillator) dynamics in quantum phase
space. Here the Hamiltonian has the form
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~D
HGro o Rns Ploeeos ) = 2= 4+ az? (11a)
2m

Hence the solution of the phase space quantum dynamics is given by Eq. (9) as

((—ihax +2)?

inoy, + )’ ih
2m +a(l ap+§) \Ij(x5p7t)_l al"p('xapvt)

2m

((—ih)z +2)?

2\ _ -
ta (ihﬁ + %) )w(x; pit) = ihd W (%; s 1)

—ini+L£)2
1 1 7,-1(#“(%%)2)
Y piD) =L | Lap-on | e f
xWo(x; p;t =0)

(11b)

This is the computational construction of the SHO quantum phase space
Schrodinger wavefunction. For the case of a Dirac delta function initial condition
in quantum phase space of form §(x, p) since the Laplace transform of this initial
condition islTJ(JE, p,t=0)=1,¥(x,p,t =0) =34, p).

Upon evaluation of (11b) with the above & (x, p) initial condition, the quantum
phase space wavefunction is

: pz+2amx2
—m el 4aht
‘IJ(X,P,I)=,/EW (11¢)

For sake of completeness, the case of a generalized to a (), an arbitrary function,
yields

((—ih&x +2)?

2
+a) (ihap n %) )\Il(x; pit) = ihd, W (x; p;1)

2m
(—ink + 2)° A N o
2 A (ihp+—) U(E; pi 1) = ihd U (F: p: 1) (11d)
2m 2
= 2
— [%fféa(u)du(ihlpr%)z)
R _ -1 —1
V@D =L@ | Lapr-on | e 7
xWo(x; p;t =0)
,([)2+2mx2 f(;n(u)du)
—m e 4ht ‘[0 a(u)du
Y(x, p,t) =Yo(x, p,t =0) = (11e)
—~—\ 2 [y a(u)du 2mht

X,p

where * isthe x, p convolution as described in the Recap earlier.
X,p
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3.2 Example 2. Schrodinger Hamiltonian with SHOs having N-arbitrary masses in
pairwise anisotropic interaction

Now consider the example case of the nonrelativistic Schrodinger Hamiltonian with
multiple pairwise interacting anisotropic SHOs of arbitrary masses in quantum phase
space. Like the 1-dim example above, the oscillator strengths below may be generalized
to arbitrary functions of time Ax;; (1), ay,; 1), a; i (t) in a straightforward fashion, but
the calculation is here omitted. Here the Hamiltonian has the form

H Schrodinger
Anisotropic
SHOs

_ 1 . Px; 2 Py; . Pz 2
—IZZ—W((—’E%I-*?) (indy + 2) + (—inag + )

o ({1, +5)- (1, + )
+Z +ay, ((ma,,yt_ + %) - (zhapy ))2 (12a)

i<j )
+az; ((ihapzi + %) - (’.hapv + )

A (_i"’axt- + 5t iy 4+ b —ifdy + pT)
Schrodi . ; Zi
Acnizgtrlggiir ’hapx,- + XT ’ha Py; + 3 2 lhapz,» +3 3

SHOs
X\Il(xls yls Zl; px,w py,-a le9 t) = iha[\p(-xls yls Zl; p_xl'7 py,-a lev t)

] 1 Y Pxi\? Py Ly = Dz \2
Aaanger = 37 51 (05 + 550) o (cins+ ) (i + )
semoanger = 2, (21054 5 o+ o+
SHOs

auy (7 + %) = (7p, +9))’
+ Z +ay,; ((npy, +3) = (’hpy/ yj))z (12b)
= ta; ((’hpfr ) (lhpfj ))2

HAsehrod (_ihxi + 5, —ihj; + zhzl + 5 ;)
chrodinger | .. - X
ih . = ihp s lh
Anisotropic Px; + 5, thpy, + - 2 Py + 7 2
SHOs

W (X1, $is 225 Prs Py Pai t) = thdV (X1, iy Zis Dogs Pyis Pais 1)
W(X;, Vi, 2is Pxi» Pyis Pzis 1)

L (ing S ing B —ing
0 “Schrodinger ihﬁxi+%,ihﬁyi+%;ihﬁzi+%

—1 Anisotropic
(%1.50. i Py Py Pzy) ¢ SHO- -
—>(Xi,Yi:2i Px; s Py; » Pz;)

X Wo(Xi, Vis Zis Prgs Py D3t = 0)
(12¢)
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3.3 Example 3. Schrodinger molecular Hamiltonian with pairwise Coulomb
interaction

Now consider the example case of the nonrelativistic SMH (Schrodinger Molecular
Hamiltonian) with pairwise Coulomb interaction dynamics in quantum phase space
[7]. Here the Hamiltonian has the form

~ 1 - e2 ZAaZ

2 2 ALB
_pA+§ 2_Pi+§ (#)
M ;e A<

8me ra—T
" % 870 \|ra — 7|
&2 1 —Zpe?
+ E 3 —|A w + E —|A 2
TE ri— 7T rA —Fi
i<j PCO NI T A AT
HSchrodinger
Molecular
—maxA+”XTA,—ihayA+”"%,—maZA+’* 4;”*%,—1'153v +T,—zh() + 2B
Px; Vi I’g
« th&A ,71718)1 + 2 s ’haz, thi)\/ — 7!?!3 ZJ H

thapXA+ 2 lhap}A + = 2 th()pA+ % zha,,x + 2 lhap}B-ﬁ— = thde+ 2,

zj
thi)p,( + 2 :hap) + 2 :hah + 2 thE)px + - 2 lh3p‘ + 2 :ha,,L TJ

~ 1 i p 2 L p 2 L p 2
HSchrodinger ZZ—(<—IFUCA+%) +(—lhyA+%) +(_thA+%)

Molecular A 2M A

e ZAZp
+
Z;g 8780 | ((ifpey + %) — (ihPay + %))
+ (i pys + %) 7
o e 2
+(((hpzy + %) = (ihpzy + )
1
(

2
e
+
N )
({005 + %)~ (7, + %)
2

(13b)
a7 | (AP, + %) — (ihpy + _))2

+(((hpyy + %) = (s + )

+((ihpey + %) = (hpe, + )

Hence the quantum phase space Hamiltonian is specified by the HOA and results
in the quantum phase space wave function for a given initial condition via (10) as
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XA,YA,ZAXB>YB>ZB>
W XisVisZisXjsYjsZjs

PxssPyarPzasPxp>PypsPzps

wapy;vpzi ’Px_,-’py_,wpz_,'; t
=L
XA,YAZAXB,YB,ZB,
XiyVi,2i5 X5 Yjs 25
Pxa>PyasPza>Pxp>Pyp>Pzps
PxisPy;sPzi»Pxj>Pyj>Pzj
XA,YAZAXB>YB>ZB,
XisYi ZisXjsYjaZjs
PxasPyasPzpsPxp-PypsPzp>
PxisPyi»PzisPxj>Py;>Dzj

7 Jo —ih)?A+pXTA —ihj, +”‘TA —ih:A+p‘T -ing; +’% ,,-,»ﬂ— #’T Cin 4 i
i/fglreoc(ﬂﬂigrer "”’X” e "’”VA+ inpep A "’ng+ e thP>B+ Binpeg+R du
e lhpx +7 thy +7 lhpL +7 lﬁpx +T 'hp‘j+7 ‘hp41+7
XWO(X1, .. s Xns Ply--esPny 1 =0)
(13c)
Where the SMH is expressed as
—iny + A —ing + DA —inzg + S —lth + - —zh> + s—ifiip + 22
A . - 28
Hschrodinger ~ihx; +7 —indi +7 —ihz; +* —lhx + 2 , 171}1 + 2 ,—1h7 j_B -
Molecular | iPxa + 3 lhp>A+ &3 ’hpA +5 4 'hp‘§+ + lhﬂ\’p thAB ot

ihpy; + 2,1hp} + Z,thv + 2 lhpx + z,lhp‘ + 2,1h[1~.+ 5

Following from [7] for the radial component of the molecular Schrédinger equation
in phase space, the HOA solution of the radial Schrédinger equation for nonrelativis-

tic N-particle system with pairwise - —rad1a1 potential interaction where L =1 - T
L

in the QPSR. Moreover, the analy51s for this multiparticle system is in the labora-
tory reference frame for the coordinates [7]. Hence no particle is fixed as a center of
motion. As stated earlier the angular components separate in the usual way by [7].
Here a;, b;, c; are scaling constants, L; (L; 4+ 1) are the angular coupling terms and r =
(ri,...,ry) = (ri=1,..N), Pr=(DPri»---s Pry) = (Pri, - The resulting radial

Hamiltonian yields a radial Schrodinger equation of form

2
. i+ 5t
A—3. ( i 2b; ( iho Pri ) ciLi(Li+1)
2 it (in0p,, +%) W) (inop, +%)
1

+2i<aii| 7 —L- %,))

|(in0p,, +% )~ (03, +
Wr phasespace (T'; Pr; 1)
= 110, Wr phasespace (T Pr; 1) (13d)
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Hence via HOA from Eq. (10),

e Pr; 2
(—thri +T’) 2b;

. o Py CiLi(Li+D)_
Zi( T + (ihﬁriJr%) ( ihr; + — )+ (Cihﬁri+r2i)2)

+ 2 dij (‘(z’hﬁrﬁr{)—("hﬁ'ﬁﬁr{)))

Wy phasespace (T; Prs 1)

= ih3 ¥y phasespace (T; Pr; 1) (13e)

Yielding the exact analytical solution given in quadratures as

Wr phasespace (T3 Pr; 1)

. I .
(inry + inpr, +%)

(—inri+ 52 )2 % Li(Li+1)
- 2 ; o P\, Lt
> T )(ﬂhrﬂr ;')Jr Y

L
(1_‘—>r; ) +2i< aij p- 1 —
Pr—Pr ’(ihp'yi+7’)—(ihﬁ,~j+7])‘
e

X Wor phasespace (T; Pr; I = 0)

(13f)
To evaluate (13f), recall that
LTJr phasespace (5 pr; 1)
. ( inF +I’ri )2
S (s (G i 5 (o
B (Zt ( 2’”1’ )) T(Zi(m<71hrl+7)))
=e X e
s (Z-(C"L"(L"H) )) 7 <2i<-aij( ! T ))
xe (ihﬁ"'Jr%)z X e : ‘(ihﬁr"+7l)7<ihﬁ’f+7])‘
X \T/Orphasespace(f; pr;t=0) (13g)

Upon evaluating the inverse Laplace transforms and utilizing convolution products
herein symbolized as % or * or s [6].
~—~— —~— ~—~—

r Pr r,pr

—1 - I
L(i_‘—n‘; )\I’rphasespace (T; pr; 1)
Pr—Pr

77” (Zl <(_ihr;+%)2>)
=17 e ’ « L7

T 6
r Pr—Pr
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=it 2b; R
A 7y (ihr+ - ))
e ( l(('h”ﬁf) ( )
=it ¢ Li (Li+1)
x L e it %« L
——

~— (Pr—Ppr) (Pr—Pr)
Pr Pr

* Liflﬁr; (\T/Or phasespace (F; prs t = 0)) (13h)
r,pr (ﬁr"Pr)

Evaluating (13h) explicitly yields

—it
2 DT 1 ;
1 . ( = (ihﬁriJr%)—(iﬁﬁerr%)‘

L pe—p)

. DPr;
* 1 ipr; (ri=rj) Dr, 2 e
= Slpr +pr. ]| ————=e 2 —K
[pr; + pr;l N = » K =
i<j pri ajjt ajjt
_prl-
. _Pri K[ 2 h
V. h —ih
a[jt
example N = 3, * * ,
p f12 f13 123
Pry PrysPr3
. Pr
1 ipry (r; —rj) pr[ 2 Tt
ﬁ] = S[Pr,- + prj] —'h e 2h 7[{1 —'h
TPr ] =5 o
ajjt ajjt
—DPr;
2./ —L
—Pr; [ .
_ K 13i
Vg K = (131)
ajjt

Where K represents the convolution between the inverse transforms of the indi-
i<j
cated terms as illustrated above in the case of N = 3.
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=it 2b; R
L__] . 7 (Z.(i(rhprﬁrg)( ihri+— )))

(5:.)

thlpr,
. hr; —i ip,. )t
=TT | stp 1801+ - hie (JT” /ion) (13)
; | Pri |
La_)lr—mr) ¢ Ohmﬁj)
lprl 7'1 r,-
:H —16 Cl-lez(Li-Fl)pritz (eTfl)Log[ —P ]
; 241 h +Log [phl ] Log [ ] HeavisideStep|pr; ]
(13k)

pri \2
%” 3 (7'%;#]71) i(V,-zmr"ipr,-)
1] i 2m; 1_[ e 2 (131)
e = —
. f )2zt
! hm;

Since L_i—. o (\POr phasespace (€3 Pr; I = 0)) = Wor phasespace (; Pr; ¢ = 0),
(I_’r — Pr )
the evaluated inverse transforms yield the explicit solution in the QPSR

Wr phasespace (s Prs )
i(rizmi —17; Pr; )

20t

e

oot = 0) s [
r phasespace (I'; Pr ' Yer
rpr ! hm;

2ib; pril

e TT [stpatstn + 2 (V/=ipr, = Vipn) 1
ol b 2l

it
—1 2727 +1\2 .3 2 (e 2 —I)Log o
* H A i ci Ly (L;"1) Pt [ ]

Pr i +Log [p;l ] L()g[ :IH(avtud( Steplpr;]
1 ipr; (ri=r;)
« | |olp +p 1| ——=e
[pr, Pr,] - —in
Pr i<j pri ajjt
2 pr[ 2 pr[
Pri —Pr;
—K — K (13m)
h —ih h —ih
ajjt ajjt
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Although the above (13m) is explicitly given in the QPSR [down to the level of con-
volutions of explicitly calculated quantum phase space factors], an illustrative example
will now be provided to help illuminate the actual application of the result for the case
of three particles: N = 3

Now for the solution of the radial Schrodinger equation for the non-relativistiic
3-particle system with pairwise - L= _1

- radial potential interaction where -

ri—rj
in the QPSR. Moreover, the analy51s for this multiparticle system is in the 12‘1bOI’Eji‘-
tory reference frame for the coordinates [7]. Hence no particle is fixed as a center of
motion. As stated earlier the angular components separate in the usual way by [7].
Here a;, b;, c; are scaling constants, L;(L; + 1) are the angular coupling terms and
r = (r,r2,r3) = (ri=1,2,3), Pr = (Prys Pra» Pry) = (pri=|,z,3)- From Eq. (13d), the
resulting radial Hamiltonian yields a radial Schrodinger equation of form

2
(—ino+752)

2m) + 2my 2m3
2b Pr 2b Pr
(lhapr11+%) (—lhBrl + Tl) + —(iha,,r22+’72) (—lharz + 2)
2b3 ( A ﬂ) ciLi(Li+1) Ly (Ly+1)
(indpr,+3) s+ ) F (i, +’71)2 (iha,,,2+’72)2
c3L3(L3+1) 1
+_(lh3pr3 3 )2‘ +an (‘(,haprl —) (lﬁap,2+ ) )‘
1 1
+a13(‘(’h81"1 )~ (i, +3 )‘)—i_aB(’(’haP’z %) (indp, +3 )‘)

X Wy phasespace (715 72, 33 Pry-Prys Prys 1)
= 10y Wrphasespace (1, 725 I35 Pry-Prys Prss 1)

Following eq(13e)

(—thl—i-p'%)z

2m
2by

5, +7)
2b3
(inpry+73)
HLX(L?"FU +a

(’hprz )

N (—mfﬁ%)z

2my

N (—ihi;ﬁ%)z

2m3

2by

aly(Li+1)

_ihF Pry 20 (_ipr Pry
ihr; + )+ =y ( ihry + 5 )

c2Ly(La+1)

hP pg)
—l1 r3+ + (ihﬁrl+r71)2

1
((ihpr1+’£)—(ihprz+?)|

1

(inpry+%)*

1

+ a3

+a13(}(’hl’r1+ F)=(inpry+73)]|

|(zhp,2+ )- (’hpr3+ )‘

)

(13n)

X “prphasespace(fl , 12, T35 ﬁrl s ﬁ}"za l_’rg; 1)

= ihatlrlrphasespace(fla 72, 73; I_’rl , Iarz’ ﬁr3§ 1) (130)
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Proceeding as in Eq. (13f) through Eq. (13h); for N = 3 Eqgs. (13a), (13b), (13¢)
and (13d) become respectively

—it
. eT (Zi<j uij( (ih;}ri+r£)l(fhﬁrj+r{)'))

lPrl i—rj)
=% 8[pr; + prjl o
”Pr, it

ijt

pr, _Pr,

w%

example N = 3, * ,
p f1,2 f13 f2.3
Pry PrysPr3y
p .
) 1
fij =08lpy + pr)l | ———==¢ 7 —K :
T —ih h —ih
pr’ ajjt a;jt
—Dr;
2 i
_pri h
— Ky 13
V & = (13p)
ajjt
\Ijrphasespace(rl, 72,135 Dri-Pras Prys 1)
3 i(r12m1—1r1 pry)
0 P TR
= Wrphas (F1, 72, 35 Pry-Pry» Prast =0) % H
phasespace r1-Pros Pr3 | - o
r,pr i=1 im,

2thlp,
3 e i ,/—z ipr)t
11 { stpnsstrn + e tpn = Virn

*
=1 h ,‘ Viprl

+Log [Prl ] ~ Log [phl :| HeauisideStL’plPr,-J)

3 ipr;ri
—1 2,2 2 3.2 (g#,l)l‘og[’;’ri]

. 1 ipry ri=r}) P 2 ';li
ri Ui T ;
* * 8[pr,- + prj] —ihe 2h #Kl j
P \i<j TPriy @t 7
2 7pri
—Pr; [
- K 13
h 1 —ih (13q)
aj;t
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Now consider the earlier mentioned particular case of the general nonrelativistic
SMH with pairwise Coulomb interaction dynamics

; 1 - 1 . &2 ZaZp
H=> —P? —P? ks
ZAleA A+Zi:2me l+28neo( )

oy [Fa — 7Bl

2 2
e 1 —Zae
E E B — 13
* 8 eo (Ifi —fj|)+ - (|fA —fil) (130

i<j

Though we shall not pursue the details in the present note viz [7], clearly one can see
that, after the angular components are separated in the usual way and with a straight-
forward scaling of the variables, the present N-particle result yields the solution of the
radial Schrodinger equation for the general nonrelativistic molecular Hamiltonian in
the QPSR which has the form

A 1
Hschrodin = —
ger
MolecularRadial A 2M A

2 2 La(La+1
(<indn, + 22) "+ (<indn, +22) + Lallat D
. r .
(zham + 7/‘) (zhap,A + TA)
2 Dri Li(Li+1)

(—ina, +51)+

1 . pr,- 2
+Z2m (_lhari+7) * . ri O\ 2
‘ (lha”’i +7) (ihaprl- +7’)

ZAaZp
indy,, +%) = (im0, +%)|
2
e 1
+Z 8meg

(indy, +%) = (i1, + %)

— 7 462
+Z A€ _ (13r)
A (ihaprA + %A) - (ihapri + %)‘

)
+ Z 8meg ‘(
A<B

i<j

Hence considering the radial molecular Hamiltonian (13r) as was done in (13a) and
applying HOA to (13r) as was done in (13b), the exact analytical solution of the radial
Schrodinger equation for the general nonrelativistic molecular Hamiltonian in QPSR
may be expressed in quadratures via the above.

3.4 Example 4. Dirac and Majorana equations with minimum-coupled
electromagnetic gauge field

Following [8], first consider the related Dirac equation with minimum-coupled elec-
tromagnetic gauge field interaction
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A(xy, x2,x3,1) = A1(x1, X2, X3, )€,
+Ao(x1, X2, X3, t)ex, + A3z(x1, X2, X3, 1)ex;, Ag(x1, X2, X3, 1) (14a)

3
Hpiraey, s Wp = | mc?ag+ D (aj(pj — eAj)c+eAo) | Wp = ihd,¥p
Jj=1
A(xy, x2,x3, 1) = A1(x1, x2, X3, t)ex, + Aa(x1, X2, X3, 1)ex, + A3(x1, X2, X3, t)ex,,

Ag(x1, x2, X3, 1)

Yp,
Vp, . .
Uy = v . 4-component Dirac wavefunction
3
Yp,
YDy,
WDy, . ..
Vp, = v : 4-component Dirac Initial-State
30
\I/Dzw
[10 0 0 0001
010 O 0010
“W=1o0-10 ["“T o100
00 0 —1 1000
[0 0 0—i 0010
00i0 000-1
“2=lo-io0 ["®T|1000
i 000 0-100

Similarly for the Majorana equation minimal-coupled to the EM gauge field

—imcazp}t,[ + (iho*d, —eA)pu =0

A = (AGLx2.x3,0) = A1(xp, x2, 23, Dex; + Ax(xp, 12, X3, Dexy + A3(xp, x2, X3, Dexg,
=\ Aoxr, x2, x3,1)

oM = (’z Mi ) : 2-component Majorana wavefunction,
M>

PMy = (z Z 10) : 2-component Majorana Initial-State
20

o* :usual 2 x 2 Pauli spin matrices 01’2’3, o = —ily2 (14b)

Now the connection between the Majorana (14b) pys and Dirac (14a) ¥ p wave-
functions subject to the Majorana self-conjugacy condition ¥ p = WY, is thoroughly
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discussed in the bibliography of [8]; only some key relationships between them are
reproduced here for convenience

¥pi
W= Wpo _ XD Wl — o2 0 \IJ*Transpose _ 22
P=lwps | T\oep )P\ 0 )0 “\oaxp )
Wy

Upi " Up3 5 l'\IJZkM
= 9 a = bl = . 9
=\ wpy )P T wpy ) PP TN i,

Majorana Self-Conjugacy condition Wp = W,

L o + ipa) L a4 gy = (VP
XD = —=(PMm; oM )s PM, = —=XD D) = —= .
V2 RN} V2 \ Y2 — iV,

o 1 ( o) ( ¢p) = I e
D = \/E PM; M, ) PM; = \/_ XD D f \IID2+Z.\I’B3

(" 14
oM = o, (14¢)

Soby way of (14c), given the related Dirac wavefunction and subject to the Majorana
self-conjugacy condition ¥ = W), the Majorana wavefunction ascends naturally.
Moreover, by way of the HOA method, substituting the Dirac Hamiltonian of (14a)
gives the quantum phase space dynamics of the Dirac system for initial conditions and
EM gauge fields of general form.

. ihdp, +oayx1,ihdy, +axxs, ihdy, + a3x3;
Hbiracy. ( —ilidy, + y1p1, —ihdy, + y2p2, —ihdy; + y3p3; t)
Wp(x1, X2, X35 p1, p2, p3; 1)
= 1ho,Wp(x1, x2, X3, p1. p2, p3; 1)
(R N NN ) R
=ihoW¥p
A(ihdy, +ayxy, ilidy, +axxa, ihdp, + a3x3, 1)
= A1(hop, +ay1x1,ihdp, + a2x2, 170y, + 03x3, t)ex,
+A(ih0p, + a1x1, 170y, + 02Xx2, 170y + 033, 1)ex,
+A3(ihd,, + a1xy, ihdy, +arx2, ih0,, + a3x3, ey,
Ap(ihdp, + a1x1, 10y, + arx2, IR0y, + a3x3,1)
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Wpi
L 25%) ) .
Uy = w : 4-component Dirac wavefunction (14d)
D3

Wp4

Hence the configuration space dynamics for the related minimal-coupled Dirac
system

Wb configuration space (¥1> ¥2, X3, 1)

Wpi(x1, x2, X3, 1)
Wpo(x1, X2, X3, 1)
Wp3(x1, X2, X3, 1)

Wpa(x1, X2, X3, 1) o
configuration space

ix)py o0 ixgpp o0 ix3p3
/ e 2h e 2h e 2h _1

JArh Varh «/47171 (f fm)
—0oQ —0o0 —0o0

<» Pn

()

m cag
—ihXj+yjp;
inpi+oixy,
4| —eA; | inp2tonxs,
—i (I ihp3+a3x3,u d
3 u
i o +2=1
ihpy+aix,
+eAg | ihp2tazxa, quOl
ihp3+azxs.u \TJDoz
e 7 dpidprdp3
q"D03
\I/D04
- X1, X2, X3;
Upol - - -
p1, P2, p3;t =0
W po,
¥ po
= | _"7* | : Transformed Initial-condition vector (14e)
\I’IDO3
W po,
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where the explicit form of the ﬁDirac 1x4 in the exponent 4 x 4 matrix integral is supplied

as

mc

ihpr +aixi,
inpy + o2x2,
ihps + a3x3, t

+ecAp

mc

ihpr +orxg,
ihpy +axxy,
ihp3y +azxs, t

+ecAp

c(—ihx3 + y3p3)
ihp1 +a1xi,
—eAs | ihpy + azxa,
ihps +azx3, t

c(—ihxy +yi1p1)
ihpy + aixi,
—eA; | ihpy + ax2,
ihps +azx3, t

+i | c(=ihx2 + y2p2)
inpy +a1xy,

—eAy | ihipy + a2xz,
ihps +a3x3,t

c(—ihx3 + y3p3)
ihpy + axi,
—eAs | ihpy +aox2,
ihps + a3x3, t

c(—ihx; + y1p1)
ihpy + arxi,
—eAy | ihpy + axx,
ihps +o3x3, t

+i | c(=ihx2 + y2p2)

ihp1 + aixi,
—eAy | ihpy + azx2,

inps +a3x3, t
c(=ihx +y1p1)

inpy +o1xy,
—eAy | ihpy +azx2,
ihps +a3xz, t

—i | e(=ihxy + y2p2)

ihp) + aix,
—eAy | ihip2 + a2x2,
ihp3 +a3x3, t

c(—ihx3 + y3p3)
ihpy + a1xi,
—eAs | ihpy + aaxa,
ihps +o3x3, t

c(ihx; + y1p1)
ihp) + a1x,
—eAy | ihpy + arxa,
inps +o3x3, t

—i | c(=ihx2+y2p2)

ihpy +o1xg,
—eAy | ilip2 + a2x2,

ihp3 +a3xs, t

c(—ihx3 + y3p3)
ihpy +o1xg,
—eAs | ihpy + aax2,
ihps +o3x3, t

—mc

inp) +aix,
ihpy + axz,
inps +o3x3, t

+ecAop

ihp) + aixy,
ihpy + axxa,
ihp3 +a3xs, t

+ecAop

(14f)

yields by way of (14c), the associated Majorana wavefunction for the dynamics of the
minimal-coupled system with arbitrary profile EM interaction and initial-conditions,
in terms of the quadrature solutions for the related Dirac system just calculated above

1 [ Ypi(xi, x2,x3,1) +iWh,(x1, x2, x3, 1)

,0M2=E
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i [ Ypi(x1, x2, x3,1) — iV, (x1, X2, X3, 1)

P = V2 | Wpo(xi, x2, x3, 1) +iWhs (x1, x2, X3, 1)

PM;
PM configuration space =
¢ P PM;
configuration space
PMio
P My configuration space = ou : Majorana Initial-State
20

configuration space

1 [ Ypio(xr, x2,x3, 1) +iWh, (x1, %2, X3, 1)

PMryy = —F= .
02 | Wyt X, x3, 1) — iWs (x1, X2, X3, 1)

i [ Ypio(xr, x2, x3, 1) — iWp, (X1, X2, X3, 1)

= — . 14
Pio =" 75 Wpoy (X1, X2, X3, 1) + i W3 (x1, %2, X3, 1) (14g)

3.5 Example 5. Dirac molecular Hamiltonian with pairwise Coulomb-Breit
interaction

Now consider the example case of the relativistic molecular Hamiltonian with pairwise
(DCB) Dirac—Coulomb—Briet interaction dynamics in quantum phase space. Here the
Hamiltonian has the 4 x 4 matrix form

2 _ 2 o Pxy
4I>-<I4DiracCoulombBreit - Z (aOA Myc™ + Axy ( lhaxA + 2 ) ¢

Molecular A

+ay, (—ihayA + p%) c+az, (—ih% + %))

: Px;
+ Z (aol.mec2 + ay, (—zhax, + TX) c
1

+ay, (—ihayi + %) ¢ +as, (—ihazi + %))

o2 ZaZp (1 + % ((aA -ap) + Wﬂ))

TAB
+ Z 8meg

(1895, + %) - (im0, +22))°
(22 o0 - 2))

2
+ ((iha,,ZA + ZTA) - (iha,,ZA + Z7’9))
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T —

_l’_

i<j 8meg ((ihapx,- + X_zt) (lhapl n xj))Z
+((indp, +%) - (indy,, + %))
+((in0p,, +%) = (indy,, + ))2

—Zae? (1 +5 ((aA a;) + (aa- rAl)(al TAi) )

2

+> (152)
wi (im0, + %) = (in0,,, + ))
2
+ (im0, + %) = (10, + %))
) 2
+((in0p., + %) = (indp, + %))
100 0 0001 00 0—i 0010
010 0 0010 00i0 00 0-1
W=loo-10 "™ |o100|" T |o=io0 |"*T|1000
000 —I 1000 i 000 0-10 0

a=uayex+ayey+ae,

Zi(l + l((ai ) 4 BT 1) 'ri"))),
. Tij 2 rs
i<j Y ij

= (150, +2) - (0, 2)
o () )
= (n, +2) - o, + )

R S

(15b)

Since the Hamiltonian of this system is matrix-valued H , the quan-
4x4DiracCoulombBreit’
. . Molecular
tum phase space wavefunction.is a column vector W41 column vector

XA> YA>ZA, XB> YB> 2B
w Xis YisZinXjs VjsZjs
4x1columnvector | Pxss Pyas Pza> Pxps Pyp> Pzp>»
Dxi» Py;» Pzi» Pxjs Pyj» Pzji &
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-1 -1

=L XA.YAZA-XB,YB B> L PxgsPysPzpsPxp:Pyp-Peps

X\ Vi 2%, V.2 Px; ,II;x,,I;zﬂP}\)-,P;’ ;P}J) .
XA.YAZAXB.YB:ZB- (XA’ ya+Pza Pxp-Pyp-Pip )

o (R AR PxisPy; Pz Pxj Py Dz

G+ Ot i+ E

—inip+ DA —ing g+ DA iy
—ihZ ks
—i O P XA .p - YA = ZA g = XB .y - YB 5 =
7 oM ihpx g+~ ihpy g+ inpz g+ ihpx g+ iy g+ 2 inpz |du
7o 4x4DiracCoulombBreit pXZA 2 HPYAT TPz AT Ty IPx g T Py g Ty P2
Molecular +%.

ih]?xi+x7i,ihp’yi+yzfi.ihp +2 lhpx + 2 thvj+ 3 thpj+ -5

X v
4x1 column vector

(15¢)

A

o Pxa
H = (a Mac* +a (—lhx + c
4 x4DiracCoulombBreit ZA: 04774 A A 2

Molecular

+ay, (—ih)‘)A + %) c+az, (—ihZA + pzﬁ))

ez = pi pl
—1—2 (aol.mec2 + ay, (—zhxi + TX) ¢+ ay, ( ihy; + 2y )
1
SE——

» ZaZp (1 + % ((aA -ag) + (aA'rAB)z(aB'rAB)))

P (it B (i T D)
+ ((inpy, —) (ihpy, + %2
((’hpZA ) (lhpZB TB))Z

) (1 +1 ((ai -a)) + —(“"'r"":?’"r”)))
D "
8meg
i<j

(ihpy, + %) = (ihfy, + %))
+((inpy, + %) — iRy, + yz»
+((iaps, + %) — (inpy, + 3))°

—Zae? (1 +3 ((aA a;) + w))
- (15d)

A,i ((ihﬁx,q TA) (hpx, ))2 5
({500 + ) - (5 + 3)
+((ihpey +3) = (P + 3))

4 Comment

Though Examples 1-5 are useful applications of HOA outright for various chemi-
cal applications, so also are various combinations of these Examples. For instance,
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mixing the results of Example 2 (Schrodinger Hamiltonian with SHOs having
N-Arbitrary Masses in Pairwise Anisotropic Interaction) with Example 3 (Schrodinger
Molecular Hamiltonian with Pairwise Coulomb Interaction) utilizing the extension to
time-dependent parameters in Example 1 (1-dim Simple Harmonic Oscillator), one
arrives at a QPSR description of non-relativistic molecular systems interacting with an
external time-varying bath environment with anisotropic harmonic constitutive prop-
erties. Further, Example 4 (Dirac and Majorana Equations with Minimum-Coupled
Electromagnetic Gauge Field) and Example 5 (Dirac Molecular Hamiltonian with
Pairwise Coulomb-Breit Interaction) may be mixed to yield a QPSR description of
relativistic molecular systems in external electromagnetic fields [9, 10].

Thus far, the Examples of the HOA results with usefulness in Chemical Dynamics
have been based on a direct use of particular Hamiltonians to model the particular sce-
narios in question. We now will consider some additional Examples where the HOA
results are used as a formal tool to achieve exact analytical solutions of more general
formal mathematical problems of interest in Mathematical Chemistry and Beyond.

4.1 Example 6. Exact quadrature solution of linear eigenvalue problem for general
class of variable coefficient differential operators

Recall from the HOA Recap in this note, that

Notwithstanding its quantum mechanical origins, the HOA scheme takes on a
life of its own and transcends the limits of quantum applications to address a wide
variety of purely formal mathematical problems as well. Among other things,
the result provides a formula for obtaining an exact solution to a wide variety of
variable-coefficient integro-differential equations. Since the functional depen-
dence of the Hamiltonian operator as considered is in general arbitrary upon its
arguments (i.e., independent variables, derivative operator symbols [including
negative powers thereof, thus the possible integral character]), then its multivar-
iable extension can be interpreted as the most general variable coefficient partial
differential operator. Moreover, it is not confined to being a scalar or even vector
operator, but may be generally construed an arbitrary rank matrix operator. In all
cases of course, its rank dictates the matrix rank of the wavefunction solution.

Recall Eq. (10) of the Recap

~

Hconﬁguration space(xl y ooy Xy _ihaxl PRI _ihaxn , t)\yconﬁguration space(xl yees Xp, b)

= iho, lI’conﬁguration space (X1, .05 Xns 1)
‘chonﬁguration space (X1, vy Xns 1)

oo ixyp OO ixppn
e 2n e 2h
= —_—.. ——V(X1,...,Xn; P1s ..., Py t)dp1---dpp
—00 —00

“pconﬁguration space (X15 w05 Xn, 1)
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00 ixypg OO ixppn
e 2h e 2h —1

= — ... R o ~
A/ 47Th A/ 47Th ((xl*'“sxnapl,mvpn) )
—00 00

= (X15esX03 P1seeer Pn)

i oA X1seeorXns

7’ Jo Heonfiguration space (ﬂ'ﬁaxl ..... 7ih6xn,u)(xL ..... X)) ((hprtoen Xy, .. ihpntonxn) du
e (=ihdx ..., =8y, )> (—ihX 1 +y1 p1,eee,—iRXn+Yn Pn)
><‘IJOconﬁgurationspace()?ly ces Xns Plyeees Pyt =0)

xdpy...dpy
Now suppose that

Hconﬁgurationspace(xla s Xns _ihaxl P _ihaxna t)

= Hconﬁgurationspace(xla s Xn, _ih8x1 s _ihaxn)
scleronomic

Hconfiguration space (X1, « - + » Xn, —ihoy, ..., _ihaxn)\yconﬁguration space(xlv cees X, 1)
scleronomic

=iho, \chonﬁguration space (X1, ..., X, 1) (16a)

Hence Fourier transforming (16a) with respect to ¢

00
Fioolf(O] = / fe™"dr
fo
Hconﬁguratinn space(xly v Xy —ihaxl s _ihax,,)‘“pconﬁgurationspace(xls ey Xy 1)
Fioo scleronomic
=iho, \chonﬁguration space (X1, 0oy Xy, 1)

= Hconﬁguration space(xl s oo Xy —lhaxl s —lhax,,)“pconﬁguration space(xl e Xy, @)
scleronomic w eigenvalue

= hw“pconﬁguratinn space (X152 e s Xn, @) (16b)
w eigenvalue

So

Hconfiguration space (X1 - - - s X5 —ihoy, ..., _ihaxn)\ljconﬁguration space (X1, ..., Xp, @)

scleronomic w eigenvalue
= hw\yconﬁguration space (X1, + «+ 5 Xp, )
w eigenvalue
- X1y ooesXps
> Fi—w | Woconfiguration space | = ~
& P Ploevo, Prst =0

—i. 5 X155 Xy
ﬁchonﬁgurationspace(—ihaxl ,‘,.,7ihaxn) ((x1 e Xp) )
= ((hp1+a1x1,...,ifipp+anXxy)
((fmaxl,..‘,fmax,g )
> (=X 1+ Y1 P1seees —iRXn+ Y0 Pn)
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_\TJO f . X17-"7X‘n;
= configuration space | = = .
g P Ply-os Pt =0

Xlyenns Xns
X8| w— 7Hconﬁgunt|on space (—lh()xl oo —ihiy, ) [CIP) ) (16C)
= (hpy+apxy,.., ihpn+onxn)
(—ihdyy eonifidng )
= (—iliX 4y plses—ihXn+yn pn)
Hence
llehpl lXElIPn 1
- . o0 e o0 e 2 4 —
Fr—w \I/conhguratlon space(xlf X, )= f Tt f

((le s Xn3 Plsees Pn) )

= (X1 500X Ploeees Pr)

i ) (n_,...,xn, " )

T Heonfiguration space \ —ifidy | ..., —ifdy, ((xl,_...,jcn) s )
= (@hpr4aixt,...ifipp+onx,)
(—ihdyy ..., —ihdy,)
> (—ihZ Y1 1o —iRZa+vapn) ) |dP1 - < - dpp

e

T X1y vy Xns
X W0 configuration space | = —~

& P PlyeoesPnst =0
\I’conﬁguration space (X1, .0y Xp, @)
w eigenvalue
00 ixypg OO ixnpn
e 2h e 2n

_ —1
i) ()
—00

X1yee0sXn
N
(apl,---,Pn>

1 X1y ooy Xny
Drslo—1L 5 Hconﬁguratlon space( 79 —ihd ) (X1,0eesXp)
oy, ..., —1 Xn H(ihﬁ]+a1xls )
w1yt Xy

((—ihaxl s —i R0y,
—ihX1+y1p1, )
H(4..,—z'mz,l+ynpn

Ty xls"'ain;
X W0 configuration space | = —
g P Ply-vos prst=0

xdpy - - - dpn
(16d)

To facilitate the evaluation of (16e) the identity for Dirac Delta functions is useful

_ n 5(14 — uj) N
8(g(w)) = ijl —I(Dug(u))|u=u,- i 58j) =0, (Dugu)u=u; # 0
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Which completes the construction of the result.
To illustrate this, consider the Example 1 (1-dim SHO) with constant strength a.
Applying the formalism above in (16d) to the term from (11d) yields

(=ihd)® .
+ax “pconﬁguration space (x, 1) = iho; “pconﬁguration space (x, 1)

2m
xp =i (inox)? 2)
T - 7r T+(¢X
Fi—o q’conhgumtlonspdce(x 1= / Yo(x, p, 1=0)e dp
Jarh ((x :p) ) ((X)A _ )
p) > (ih p+oax)
(( ihdy) )
— (—ihx+yp)
Weonfiguration space (X, @)
w eigenvalue
0 ixp
e (—ihx + §)? x\2
V2 P t=0)5 _— inp + - d,
) Vaxh ((w) )[ 0Pt =0 ( h( - ra(mee3))) e
—(x;p)
(—ihdy)
(2)k +ax? - hw) Weonfiguration space (X, @) = 0 (16e)
m w eigenvalue

Just to point out, if the potential term of the SHO above ax? is replaced with a

potential term of arbitrary functional profile as V (x) then (16e) generalizes to

(—ihdy)? .
(Z—mX +Vx) “pconﬁguration space (x,t) = iho, lI"conﬁguration space (x,1)

'x

configuration SpdCC(-x 1) = / \/— (x R )

—>(x p)

Fioo | W

t(( ihog)? +V(x)) (x

Wy (%, p,t= O)e (?f;lfép;rax)) dp
(H(*ihﬂyp))

\I’conﬁguration space (x, w)

w eigenvalue

oo ixp
e2n 1 -

= —L - [\/27{\11 x,p,t=0
’_47'[]"1 ((x’(i)_ ) 0( P )

~co —x:p)

(—ihx + £)? _x
(2 o)

(—ihdy)?
— + V(&) - ho qjconﬁguration space (x,w) =0 (16f)

2m w eigenvalue

St

It is worth re-emphasizing that the result (16d) of course is immediately applica-
ble to non-seperable Hamiltonians in general, such as Example 3 (SMH with Pairwise
Coulomb Interaction), yielding the solution of the radial Molecular Schrodinger eigen-
value equation and many others.

@ Springer



1964 J Math Chem (2012) 50:1931-1972

4.2 Example 7. Exact quadrature solution of general class of variable-coefficient
differential equations

In view of the arbitrary functional form of the Hamiltonian and its connection with a
Lagrangian [11-13] for the given problem,

n
H&xp, ooy X0 Ply vy Pust) = ij)'cj —L(xX1,...,Xp; X1, ..., X5 1)
j=1
pj:ijL(xl,...,xn;)'cl,...,)'cn;t) (17a)

Consider now the equations of motion for the case of an external force
F(x1,...,x5;X1,...,Xp; 1) (viz the GHP (Generalised Hamilton Principle) given
as

(=Dp)ds; L(x1, - ooy X3 X1y ooy Xn3 1)
—i—aij(xl,...,xn;)él, Xt =F(xqp, ..o, x0 X1, ..., Xps ) (17b)

It follows that (17b) extends naturally to accommodate higher-order derivatives for
several variables, though the notation becomes cumbersome [12,13]. As such we will
below only construct the results for the case of one dependent variable x as

n
Z(—D,)ja(D[)_/xL (x; X%, X5 ... D x; t)
j=1
+0y, L (x; X% X5 ... Dix; t) =F (x; X%, X5 ... Dix; t)
for example n = 4 yields

(D:‘anx_DgaD?x_’_thathx_(Dt)aDrX+8X>
o {dx\? e fdx 4
xLU{x;x;%;,x;0— ) st )=F{x;x; %, x; 0\ — ) ;¢ (17¢)
dt dt

In turn, these order-n derivative Lagrangians are reducible to first-order derivative
systems by way of variable substitutions [12,13]. In this note, the properties in (17b)
and (17c¢) are pointed out explicitly, as they form the essential basis for applying to
HOA scheme to any system that can be put in the Hamiltonian form: from higher-
order Lagrangian systems of discrete particles to continuous fields [11-15]: they all
admit to HOA solution as they are all ultimately transformable to the Hamiltonian
formulation of dynamics. So, without loss of generality, we consider the case of (17b)
in one dependent variable x
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(=Dp)0: L(x; X3 8) + 0y L(x; x5 ¢) = F(x; x; 1) (17d)

Now to illustrate HOA in the context of this Generalised Hamiltonian—Lagrangian

connection, take the Lagrangian L(x; x;t) = %xz) — a(r)x? and no external term
F(x; x; t) = 0 from the GHP, yielding from (17d)

.0 .0
(—D)d; (’"(; ) _ a(r)xz) +a, (’"(; ) _ a(t)xz) —0

%—i—a(r)x =0 (17¢)

which is the equation of motion for the classical SHO Lagrangian with arbitrary time-
dependent strength a(¢) therein. By way of (17a), the Hamiltonian that corresponds to

2
the system in (17e) is H = % + a(t)x?: this is clearly the Hamiltonian for Example
1 herein: the quantum version of this system. Following Example 1, the QPSR of this
system is given by

((—ihax +2)?

A ih
S ta( (i, +3) " )W pio) = ing (e pin)

2m

((—ihi + 2y

x\2\- -
+a(r) (z’hﬁ—i— 5) )‘U(f; pit) = ihoW(x; p; 1)

. 2
_ [%+ﬁa(u)du(ihﬁ+%)z>
R _ -1 —1
Y P =Ligysw | Lap—on | e 7 (11d)

xWo(x; p; 1 = 0)

With the configuration space wavefunction via QPSR wavefunction for this system
given as

ixp

v Toer
configuration space (x, 1) /_ o JArh
) 2+2mx2 fé a(u)du
—m el ( 4ht fé a(u)du )
Yo(x, p,t =0) ; dp (11e)
=\ 2 [ya()du 2w ht

x,p

Now it follows by way of Ehrenfest’s Theorem that the expectation value of the
position [also momentum] operator follows its classical counterpart’s equations of
motion in any framework (e.g., Hamiltonian, Lagrangian, etc]. Following the Recap
herein, applying the configuration position operator X = x to the system wavefunction
(11e) to yield the expectation value of the position operator as
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(x() = / (“pékonﬁgura[ion space (x,1)(x) \chonﬁguration space (x,1))dx
Configuration Space

lI’conﬁguration space (x,0)

. . ]72+2mx2 fé a(u)du
®° e —m el( ant [§ auydu )
= Yo(x, p,t =0) x dp
JAmh —~—\ 2 [y a)du 2mhit
00 x,p
(17f)
So
(x(@®) = |\yconﬁguration space (x, t)|Zde
Configuration Space
| \pconﬁguration space (x,1) |2
00 i l,(p2+2mx2 fé a(u)du) 2
en —m e 41’17‘[6 a(u)du
= ——— | Wo(x, p,t =0) dp
VArh —~=\ 2 [y a(w)du 2mht
00 Xx,p
(17g)

The upshot of Eq. (17g) is that (x(#)) follows the same equation of motion (17¢).
Therefore

m (x (7))
2

+a@®)(x(@) =0

0o ixp
e 2h

(x(0)) = i

Configuration Space 00

_(/}2+2n1,r2 fé a(u)du) 2
e

—m ant [§ a@ydu
Yo(x, p,t =0 d d
0w Pt =0 e 2 p| xdx
xX,p
(17h)

Thus Example 7 above provides an exact analytical quadrature solution to the given
related classical equations of motion as well. By way of the Hamiltonian-Lagrangian
correspondence, though the variables are different, (17h) provides an exact analytical
quadrature solution of the purely mathematical problem of the exact analytical quad-
rature solution to the second-order linear ordinary differential equation with arbitrary
variable coefficient in it’s canonical homogeneous form

V(@) +b(r)y(t) =0

a problem which should require no introduction.
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2 H
Finally, consider now the Lagrangian L(x; X; t) = 3G9 4 22 and no external term

7
F(x; x; t) = 0 from the GHP, yielding from (17d)

5 %) 5 5 %) 5
YN ECRENELE WP IO L
4 17 4 t2

Lox? .
i=X (17i)
12
following HOA yields
. 2
(—indc + %) 1 x\3 5
- 27— — |iho —) W(x; p;t) =iho,¥V(x; p;t),>5m= —
( 36/2) t%(l p+2 (x;p;t) =iho,W(x; p;t),>m 5
—ihx+ 9?2 I\ _
CE L (mp+2) o e = o o
5 " 2
—i z%-bﬂihﬁﬁ-%)%
N . AR
Vs pi) = Ly [ Loy [Pors Pt = 0)e !
(175

By way of the prescription of (17f) through (17h), we arrive at

(x(@®) = / | Weonfiguration space (X, 1) |2de

Configuration Space

2
| \chonﬁguration space (x, D]

- P2 2
00 ixp —i t%—Zl%(ihﬁﬁ—%)%)
e 2n 1 — - -
= —L XD "IJO(xa PthO)e h dp
A7 (&:D)
0 Arh (—>(x;p))
()3
o0 x
(x(1) = — (17k)

12
Hence (17k) is an exact quadrature solution of the Thomas—Fermi equation.

Returning now to the case of a generalised Lagrange equation with the inhomoge-
neous term

(=Dg)0: L(x; x5 8) + 0y L(x; x5 ¢) = F(x; x; 1) (17d)

Let us suppose that F'(x; x; ¢) is specified from the GHP and Lagrange equation
with inhomogeneuous term F (x(¢); X (t); t) where we recall that the arguments of this
inhomogeneous term are explicitly time-dependent [i.e., rheonomic]
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(=D L(x(1); (1) 1) + 0x(n L(x (1); X(1): 1) = F(x(1); x(1); 1) (171)

Letting L(x(¢); x(¢); t) and F(x(t); x(¢); t) be scalar functions of their arguements
(x(t); x(¢); 1), Utilising a Laplace transform

Ly@y—>x)(f (x(@); x(2); 1))
(1) —>x(1)
o0
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= (L) 7{ f(f(x(t) x(): t))ex(t)x(t)-i-x(t)x(t)dx(t)dx(t) (17m)
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on the Lagrange equation, thus
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x(t) >x(t)

Letting L(x(¢); x(¢); t) and F(x(t); x(¢); t) be scalar functions of their arguements
(x(t); x(¢); t), Now suppose x(t), x(t) are considered not simply as scalar functions
of their arguement ¢, but are generalised to be vector functions of the scalar variable
t as (x(1); x(t); t) so that L(x(¢); x(¢); t) and F (x(¢); x(1); t).
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As a result, all of the above construction for L(x(¢); x(¢); ¢t) and F(x(t); x(¢); 1)
are generalised to L(x(¢); x(¢); t) and F (x(¢); x(¢); t) thus

(= D)0k L(x(2); X(1); 1) + Ox() L(x(2); X(2); 1) = F(x(1); X(¢); 1)

Lx(ty—>x() (= D)0ty L(X(1); X(1); 1) + Ox(r) L(X(1); X(1); 1) = F(X(2); X(1); 1))
(1) —>%(t)

— D, (X(t) L(X(1); X(1); 1)) + X(t) L(X(1); X(1); ) = F(X(t); X(1); 1)
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+X(OLX(1); X(1); 1) = F(X(1); X(1); 1)

(—X()D; + X(t) — DiX()) L(X(1); X(1); 1) = F(X(1); X(1); 1)
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x(1)—>x(t)

Along these lines, the component scalar variables of the vector variables, may natu-
rally be expressed as projections of the vector variables via suitable matrix coefficients
thus

(=Dp) 0kt L(x(1); X(1); 1) + Ox(ny L(X(1); X(1); 1) = F(x(1); X(1); 1)
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X(t) = xz. 0 X2. = x1(¢) ! X2.
(1) 00 | s U no
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£1(0)
°0 || R0
=i, | = a0 (17p)

fa(0)

So the usual system of equations in several dependent variables in (17b) may be
re-cast as a single vector variable equation as above since

x1(1) x1(t)

x2(1) x2(1)
(x(0);x(1); 1) = . ; . it

xn.(t) )'Cn'(t)

While these vector variable extensions in the Lagrangian are useful in various multi-
dimensional scenarios, there is another that will be mentioned here as well. Suppose
we consider the Lagrange system for explicit components of an n-dimensional vector

—Fj(x1(@), x2(0), ..., 20 (2); X1(0), X2(2), ..., Xn (1) 1) .
>j=1,...,n

Lettinge;, 5j =1, ..., n be the n-dimensional unit vector (17q)

Upon taking the interior product of the Lagrangian components vector with the unit
vector yields the n-dimensional equation for the system from which an L satisfying
these relations to the F;’s may be determined thus
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Lxp(t), x2(t), ... xp (8); X1 (), X2(8), ..., X ()5 1)
2 f_,‘(f)*Dt;_j(t) 2 i_j(t)*Dt;j(t)

- [ ="t —dr J - di
— 11 2% 25O
=Lji-=5;0 o ¢ s
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x 2L FiE0. 50, 5@ 0, B0, &) | di (17s)

So the point of (171-17r) is to determine the Lagrangian L for the given inho-
mogeneous term F; and using the results developed herein earlier, from (17a) on, to
determine the corresponding Hamiltonian of the system and via HOA and Ehrenfest’s
Theorem, the solution of the equations defined by F = 0: said equations are arbitrary
functions of the arguments in F'.

At this point, we note some perhaps subtle aspects of the connection between the
configuration and QPSR wavefunction formulations discussed in the “Recap of HOA”
Section earlier in the present report [i.e. viz, Egs. (9) and (10)]:

shifted Taylor series yields

— il f (X1, X, 1) 0y .
e " Weonfiguration Space (X1, -+« 5 Xy 1)

= qjConﬁgurationSpace(xlv cees (xj —ihf(x1, ..., X0, 1)), ... Xn, 1)

Hence the Hamiltonian in the configuration space formalism may be used to gen-
erate “shifted” systems of FDE (Functional Differential Equation)s, simultaneously
containing discrete difference and continuous differential sectors in the same hybrid
dynamics.

Also, the Shannon entropy S [i.e. viz, Eq. (8m) herein]:, which connects Information
Theory to Quantum Theory via the density

S = —//(lll*(x, p. DY (X, p, 1) Log(W*(x, p, HW(x, p, 1))dxdp
x.p)

provides a direct avenue for plethora applications (e.g., Refs. [19,20]).

These are some future vistas for later work elsewhere, but they warrant mention
here.

Notwithstanding their intrinsic interest, the few Examples 1-7 herein these Recent
Remarks do not even begin to touch the immense vista of problems that may be solved
exactly via HOA methods. Indeed, the HOA may be modified to accommodate auxil-
iary conditions besides initial-value problems. Moreover, the integral and differential
operators in the HOA may be generalized to discrete sum/finite difference operators
and sundry other extensions. Since classical and quantum dynamical systems admit to
Hamiltonian/Lagrangian formulation, then indeed the various other formulations [e.g.,
Density Functional Theory, Path Integral Formalism, Stochastic Formalisms,etc], as
well as derived abstracted mathematical problems (e.g., [14,15]) may all benefit by
HOA treatments. Quoting from [6, 18], “By definition, solution in one representation
implies simultaneous solution in all representations [the Physics is the same regardless
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of ‘pictures’]. Hence, Quantum Dynamics is now reduced to exact quadratures, as are
all the associated purely mathematical problems that are abstracted from the physical
formalism.” MT21:42.
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